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Similitude of Hypersonic Flows Over Slender Bodies in

Nonequilibrium Dissociated Gases'

GrorGE R. INGER?
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This paper is concerned with the similitude laws governing inviscid, nonequilibrium gas flows
around blunt or sharp-nosed slender bodies at zero angle of attack, based on the hypersonic
small disturbance flow theory. Some related features of the interaction between the effects of
nose bluntness and nonequilibrium dissociation and vibration and the influence of a dis-
sociated freestream are also discussed. The hypersonic equivalence principle and the related
similitude for affinely related bodies are set forth for nonequilibrium flows in either diatomic
gases or a gas mixture such as air. For a family of diatomic gases, as opposed to a given gas
such as air, a generalized ambient gas state scaling condition is obtained, whereby the am-
bient density and temperature need not be simulated. A detailed discussion is given of
blunted cylinders and slabs or sharp-nosed cones and wedges, including example nonequi-
librium flow field correlations of numerical solutions available in the literature. Low density
nonequilibrium flows with a negligible shock layer atom recombination rate are also ex-
amined; as expected, a less restrictive small disturbance similitude law is obtained in this

case.

Nomenclature
a = atom mass fraction (pa/p)
B = vibrational relaxation rate parameter, Eq. [8]
dn = nose diameter
Dy = nose drag }
ey = energy in molecular vibration
v = frozen specific heat ratio
h = gpecific enthalpy of mixture
hp =" dissociation energy of molecules (heat of forma-
tion of atoms)
kr = recombination rate constant
Ky, Kg, Ky = similitude parameters, Eq. [19]
L = characteristic length
AD, Ay, Ap = similitude parameters, Eq. [19]
M. = freestream Mach number
N = molecular weight of undissociated gas
© = reeombination rate temperature exponent
P = pressure
p = density
PD = characteristic dissociation density
R = undissociated gas constant
a = shock wave angle
T = characteristic slope
T = absolute temperature
To = characteristic dissociation temperature
Ty = characteristic vibration temperature
[/ = angle of attack
U = freestream velocity
u, v = Cartesian veloeity component perturbations
z, Yy = Cartesian coordinates
Ty, TR = nondimensional similitude coordinates, KEgs.
[36]and [38] »
Subscripts
A = atom
B = body surface
eq = equilibrium
M = molecule
¢ = value immediately behind shock front
[ee] =

ambient gas

lqg’éeceived by ARS February 8, 1962; revision received July 24,
! Much of this work was conducted during the author’s pre-
vious affiliation with the Douglas Aircraft Corporation, Missile
and Space Systems Division, Culver City, Calif. Subsequent
support was received from the Aerospace Systems Command,
U. 8. Air Force, under Contract AF04(695)-69.
2é\/lember, Technical Staff, Laboratories Division. Member

he theory of inviscid, hypersonic small disturbance flows

(1),® including its extension to blunted bodies via the
blast wave analogy (2), has proved to be a fruitful analytical
tool in aerodynamics and a basis of important similitude laws
for the correlation and interpretation of both experimental
data and exact numerical solutions. Although this theory
does not give an accurate description of the complete flow
field on a blunt-nosed body, being invalid near the nose and
inaccurate within the high-entropy layer adjacent to the
body downstream of the nose, it has nevertheless been very
useful in determining asymptotic pressure distributions, shock
wave shapes, and the general character of the flow entering
the outer portion of the wake on slender bodies. Further-
more, the small disturbance theory has been applied in more
advanced theories dealing with entropy layer and boundary
layer effects with very fruitful results (3-6).

In view of the significant dissociation and ionization that
can occur behind strong shock waves, there is an obvious
need to extend the classical small disturbance theory and the
resulting similitude laws for a perfect gas to include real gas
behavior. Such an extension has been given by Cheng (2)
and Sychev (7) for equilibrium dissociation throughout the
shock layer on blunted or sharp-nosed slender bodies. How-
ever, this theory does not apply to the low ambient densities
encountered in high altitude, hypersonic flight above 100,000
to 150,000 ft, where significant departures from equilibrium
flow have been demonstrated (8-12). Since many of the
important flow field properties are substantially affected
under these flight conditions, a further extension of the small
disturbance similitude laws to the case of nonequilibrium flow
is of practical interest. Furthermore, the possibility of
highly nonequilibrium flow in the nozzle of high enthalpy
hypersonic testing facilities (which maintains an appreciable
dissociation level downstream of the throat) warrants the
inclusion of a dissociated freestream condition as well.

Accordingly, this paper presents the hypersonic small dis-
turbance theory and similitude requirements for inviseid,
nonequilibrium-dissociated and vibrationally relaxing gas
flows over blunt-nosed slender bodies at zero angle of attack.
A diatomic gas model is employed, since it describes a family
of gases that are of experimental importance and yet is repre-
sentative of more complex dissociated gas mixtures such as air.
The basic relations governing the small disturbance flow in the

8 Numbers in parentheses indicate References at end of paper.
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shock layer, including the integral equation matching the
blunt nose and downstream flow regions, are set forth as-
suming that the gas ahead of, as well as behind, the bow shock
envelope may be in an arbitrary state of nonequilibrium dis-
sociation and vibrational excitation. Some related features
of the interaction between bluntness and nonequilibrium
shock layer dissociation and the importance of freestream
dissociation effects will also be discussed. The hypersonic
equivalence principle and similitude laws for affinely related,
slightly blunted slender bodies are then derived for non-
equilibrium flows in diatomic gases or a given gas mixture
such as air. These laws are subsequently specialized to
blunted eylinders and slabs or sharp-nosed cones and wedges,
for which practical nonequilibrium flow field correlations are
feasible in certain practical applications. Low density non-
equilibrium flows with a negligible shock layer atom recom-
bination rate will also be examined, with a view toward
broadening the otherwise rather restrictive small disturbance
similitude for bodies such as a blunted cone. Finally, several
examples of the nonequilibrium similitude will be presented
by correlating the results of some numerical solutions avail-
able in the literature.

Governing Relations

Consider the steady, inviscid flow of a reacting gas around
a two-dimensional or axially symmetric slender body at zero
angle of attack (Fig. 1). The relations governing this flow
will be formulated now within the framework of the hypersonic
small disturbance theory. Although the discussion is there-
fore similar in some respects to that in Ref. 2, a more detailed
treatment of the thermodynamic and composition variables is
required in the present nonequilibrium problem, since the
flow is in general neither isentropic nor representable by a
single equation of state.

Basic Assumptions

1) The freestream is uniform in velocity, thermodynamic
properties, and composition; however, it can be in an arbi-
trarily dissociated state.

2) The local flow deflection angle 8 throughout the shock
layer (in radians) is small compared to unity, its magnitude
being characterized by an appropriate flow field slope 7.

3) The freestream Mach number M, is large enough com-
pared to unity that the approximation sine =~ ¢ ~0(7) may
be used; however, M, need not be much greater than unity.

4) The velocity perturbations «, v throughout the shock
layer are of the same order as their local values at the shock
envelope. :

5) For blunt-nosed bodies, the characteristic dimensions
of the nose are small enough in comparison to the axial dimen-
sion of the body that the downstream effects of bluntness
may be represented entirely by a concentrated force (drag)
at the nose.

6) The flowing medium is & homonuclear diatomic gas in
which molecular rotation is completely excited, electronic in-
ternal energy states may be neglected, and the molecular
vibrational energy states may be represented by simple
harmonie oscillator theory. ‘ C

Assumption 1 is valid for a nonequilibrium dissociated
freestream if the change in ambient gas properties over a
streamline distance equal to the body length is negligible.
Assumptions 2-4 characterize the problem as a hypersonic,
small velocity disturbance flow over a slender body and con-
trol of the accuracy of the present analysis. However, the
corresponding thermodynamic and composition perturbations
are not necessarily small; this oceurs orly when M7 << 1,
where the present theory and the classical linearized theory of
Prandtl-Glauert for M. >> 1 share a common domain of
validity. In casesinvolving blunt-nosed bodies, assumptions
2 and 3 are clearly not applicable in the vicinity of the nose.
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Fig. 1 Flow configuration

Furthermore, assumption 4 is not uniformly valid across the
shock layer downstream of the nose, since the magnitude of
the streamwise velocity perturbation « within the relatively
hot entropy sublayer adjacent to the body is slightly higher
than that in the cooler, outer portion of the flow near the shock
envelope (5). Assumption 5 implies that the local flow has
either originated from an upstream point on the shock en-
velope at which 2 and 3 are valid or, if originating from the
stronger portion of the shock in the vicinity of the nose, has
lost all memory of the detailed shock shape and nature of the
flow in the nose region. This assumption, as with 4, intro-
duces some inaccuracy in the description of the downstream
flow near the body surface (primarily, the density, tempera-
ture, and composition distributions), since the entropy sub-
layer tends to convey downstream the influence of the nose
shape as well as the overall energy input of the nose. How-
ever, this has a small effect on the pressure and shock shape
downstream of the nose when the displacement effect of the
entropy sublayer is negligible (4). Moreover, for slender
hypersonic bodies with small degrees of blunting, the work in
Ref. 5 indicates that the major effects of bluntness on the flow
sufficiently far downstream of the nose, including the entropy
layer, are accounted for by the foregoing assumptions. For
the purpose of examining nonequilibrium flow similitude for
slender bodies, it therefore seems reasonable to carry over
these assumptions to the present problem.

The diatomic gas model defined in assumption (6) was
selected because it affords a clear and yet fairly realistic
representation of nonequilibrium gas flows encountered in
practice. - Indeed, it will be shown that the similitude laws
derived on the basis of this model are also directly applicable
to complex multicomponent gas mixtures such as air. From
another point of view, diatomic gases such as the halogens
offer some interesting and advantageous possibilities as a
testing environment for simulating certain aspects of hyper-
velocity flight in air because of their relatively low dissocia-
tion energies. Therefore, the possible use of different com-
binations of diatomic gases, ambient density, and veloeity
as a means of achieving similitude of nonequilibrium flows
over slender bodies will be considered in this paper.

Flow Equations and Boundary Conditions

Following the usual procedure, an order of magnitude analy-
sis of the basic conservation equations is conducted under the
foregoing assumptions, dropping terms of order 72 or smaller.
For a nonequilibrium dissociating diatomic gas, the resulting
relations governing the small disturbance flow are

% % <Ev 9>~
Uwax+vay+p ay—l—ey =~0

¢ = 0, two-dimensional []
= 1, axially symmetric

f1) fe7) op -
p(Uwax—l—vay)-l—by—O [2]
p = pRu(l + )T 3]
Oh OB\ gy OP . 0P
P (Um ox T by) = Ua oc 1 ° dy [4]
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h=Q0 — a)FRuT + ev) + a(BRuT + hp) [5]

where ey is the energy in molecular vibration and Ap is the
dissociation energy. Furthermore, the following two rate
equations govern the nonequilibrium dissociation and vibra-
tional excitation effects:

Us(0a/0z) + v(00t/0y) = Genem(et,p,T) (6}
Uw(aev/bx) + 7)(331'/5?/) = (Rvib(aaeV;p)T) [7]
where for a diatomic gas (13-15)
1 kgT®
Rehem =~ % [(1 — a)pppe=T2/T — p2a?] [8a]
Mou
(1 — a)k‘vaﬂ &, 1/3
Ry, = EEEra— exp T X

[RyuTveTv/T — 1- @_TV/T)GV] (8b]

In Eq. [8], k& is the recombination rate constant, » the re-
combination rate temperature dependence exponent, pp and
Tp/Ru are the characteristic dissociation density and tem-
perature (16), kv and B are vibrational relaxation rate
parameters, and Tv is the characteristic vibrational tem-
perature. It may be noted that the local equilibrium solu-
tions to Egs. [6] and [7] are obtained by setting the bracketed
terms on the right sides of Egs. [8] equal to zero; thus

¢ - RMTV PXp(—Tv/T)
Vea 1 — exp(—~Tv/T)

e’ _ PD _To
T— o™ » exp( T> {9b]

Eqs. [1-7], in conjunction with appropriate boundary con-
ditions, are sufficient to determine completely the seven un-
knowns p, p, v, a, T, h, and ey throughout the entire small
disturbance flow field, independently of the longitudinal
velocity perturbation w. If desired, u may then be calcu-
lated separately from the total enthalpy form of the energy
equation as

[9a]

u v \2 h— he

U, <Um> Ux.? 1101
In general, the flow field so determined is nonisentropic be-
cause of the irreversible nature of finite dissociation-recom-
bination and vibrational excitation rate effects. The flow be-
comes particle isentropic only in the two limiting extremes of
chemical behavior: equilibrium flow throughout (Eq. [9]) or
chemically and vibrationally frozen flow (right sides of Eqgs.
[6] and [7] everywhere zero).

Assuming the shock envelope to be a discontinuity, the

following relations must be satisfied at the shock envelope:

o~ UL <1 - %”-) ‘2’;‘ [11]
AVZA%

Do~ Po + puU? (1 - 9;)(%) [12)
2 2

he ~ hy, 4+ U.2 (1 — Z%)((%) [13]

plus Eqgs. [3] and (5] evaluated ahead of and behind the
shock. Moreover, since the shock thickness is tacitly as-
sumed infinitesimal compared to the vibration and dissocia-
tion lengths, one has o, = @, and ey, = ey

At the inner boundary y = yz(z), one has the condition

vy ~ U.dys/dz [14]

Fuarthermore, in the case of blunt-nosed bodies, the transonic
flow in the nose region and the supersonic flow field should be
matched along a convenient characteristic that traverses the
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shock layer slightly downstream of the sonic line. However,
as far as the flow far downstream of the nose is concerned,
it is sufficient under assumption 5 to represent this matching
by an overall mass, momentum, and energy conservation
statement for the shock layer. Thus, using the control
volume OABC in Fig. 1, the small disturbance flow must
satisfy the integral equation

s dys ‘ nys U m)edy 4
Dzv—l-f0+p3 gy \2mys)de > | p o (2my)cdy +

Bu | {[g 1-a +3a:|pT—
[g 1 — aw) + 3a{|me®} Q2my)e dy +

S 100 = @er = pall = aeva] +
holpar — pucto]} @) dy [15]

where the axial extent of the nose region with drag Dy has
been neglected (2). Eq. [15] states that the total power
input by the nose and afterbody pressure drag appears in the
downstream flow as kinetic energy of the transverse motion,
an increase in translational and rotational internal energy
relative to the freestream, and the energy absorbed in post-
shock molecular vibration and dissociation. When the after-
body pressure drag integral is small compared to Dy, it is
evident that a substantial reduction of the bluntness effect
will oceur when a large fraction of power is absorbed by dis-
sociation and vibration in the nose region, and subsequent
expansion downstream of the nose freezes out a significant
percentage of this energy. In this case, the form of Eq. [15]is
equivalent to a perfect gas flow with a reduced fictitious nose
drag

DN* = DN -
j‘yy; {pl(1 — &)ev + ahp) — pul(l — an)ev + aLhpl} (2my)<dy

~—

DNa
[16]

where Dy, is a constant. In contrast, when the flow remains
in equilibrium throughout the shock layer, Dy, is not con-
stant but is usually quite small in the supersonic flow region.
One may conclude that an appreciable departure from
equilibrium in the flow around a slender blunted body can
significantly increase the rate of pressure decay along the body
downstream of the nose. This effect has been observed and
studied in detail by several investigators (9,10).

It should be emphasized that the integral nose matching
condition, which neglects the detailed nature of the flow in
the nose region, does not yield a completely accurate descrip-
tion of the forementioned nonequilibrium interaction down-
stream of the nose on blunt bodies. Moreover, most of the
shock layer dissociation originates behind the strong portion
of the bow shock near the nose, so that the effective drag Dx*
depends on the detailed shape (as well as the overall drag) of
the nose. Also, the effects of dissociation on the afterbody
flow field are mainly communicated downstream by the
entropy sublayer, where the small perturbation assumptions
are not entirely adequate for deseribing the detailed flow. Of
course, this limitation is somewhat offset by the effectively
reduced nose drag at a given distance from the nose. Further-
more, in spite of the comparatively small degree of dissociation
which usually prevails outside the entropy sublayer, the
presence of nonequilibrium flow and its resulting interplay
with the influence of nose bluntness may still have a significant
effect on the density, temperature, and ‘pressure distributions
outside the entropy layer because of the large dissociation
energies involved (11).

In practical applications involving the simulation of hyper-
velocity flight in advanced wind tunnels, the test gas can be
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in a highly nonequilibrium, dissociated state (9,11,17).
Therefore, before passing, the possible effects of freestream
dissociation on the foregoing flow problem (relative to the flow
behavior in an undissociated ambient gas) will be examined
briefly in order to gage the significance of a., as a similitude
parameter. This may be done by drawing upon the results
obtained in some recent theoretical studies of hypersonic
flows in dissociated incoming streams (18,19). For a given
stream velocity, it was found that the usual spread between
frozen and equilibrium states and the initial dissociation rate
behind oblique and normal shock waves will decrease sig-
nificantly when a, > 0.25 and can become vanishingly small
for sufficiently large values of a,. The degree of ambient
dissociation required to realize the special case aeqs = @ de-
creases as the shock strength is decreased. Concerning the
effects of freestream dissociation on slender body flow fields,
then, one may draw the following conclusions:

1) Small disturbance flows around blunt or sharp-nosed
bodies can be much further out of equilibrium (more nearly
frozen) than is the case for the same body in an undissociated
ambient gas. A greater portion of the flow around a blunted
body, for example, would therefore behave as a perfect gas
flow with a specific heat ratio pertaining to the freestream.

2) Even in the strong shock region near the nose of a
blunted body, where equilibrium usually prevails, the post-
shock conditions can become nearly frozen when a. > 0.25
(19). Hence, the interaction between bluntness and post-
shock nonequilibrium effects (Eq. [16]) is diminished, since
the fraction of power input by the nose which is absorbed in
shock layer dissociation and vibration is reduced.

3) The strength and shape of the bow shock assume a
decreasing importance in determining the shock layer disso-
ciation level as o, increases, since the dissociation history of
the freestream itself becomes the controlling factor. Conse-
quently, the significance of the entropy layer in communicat-
ing downstream the effect of interaction between the effects
of bluntness and nonequilibrium dissociation is also di-
minished. (Further details concerning this point may he
found in Ref. 19.)

In view of these conclusions, it is clear that freestream
dissociation can have an important influence on the flow field
around a blunt or sharp-nosed body and therefore will be a
significant parameter for models tested in highly non-
equilibrium gas streams.

The Equivalence Principle

The equivalence of a steady hypersonie flow past a slender
three-dimensional body to the corresponding unsteady flow
produced in the cross plane was originally demonstrated by
Hayes (20) and later extended to equilibrium reacting gas
flows over blunt-nosed bodies by Cheng (2). Although per-
haps not generally recognized, this equivalence principle is
applicable to nonequilibrium flow problems as well. For it
may be seen easily that, under the transformation z = Ult,
Eqgs. [1-14] pass over to a set of relations that govern the
corresponding motion of the same gas in the body cross-plane
as seen by an observer at rest with respect to the undisturbed
gas. As shown by Cheng (2), the effect of nose bluntness in
the steady problem (to the degree of approximation repre-
sented by Eq. [15]) is then equivalent to an unsteady blast
wave in one less space dimension, Eq. [15] playing the role of
an initial condition relating the initial blast energy to the
nose drag of the body. Here, of course, some of the initial
blast energy may be absorbed in unsteady nonequilibrium
vibrational excitation and dissociation. It may be seen that
the foregoing proof rests entirely. on the approximations
U ~ U, and sine ~ o and does not involve specifying the
detailed form of the equations of state or the vibrational and
chemical rates. Therefore, within the framework of the small
disturbance assumptions, the equivalence principle is, in fact,
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generally applicable to any nonequilibrium reacting multi-
component gas mixture.

Nonequilibrium Flow Similitude

The nonlinear set of Eqgs. [1-14] constitutes the formal
mathematical problem for small disturbance diatomic gas
flows. These relations provide a basis for possible extension
of the analytical solutions that have been obtained for a per-
fect gas (1, 4-6, 21) to the case of nonequilibrium dissociated
flows. However, the author will not deal with this problem
here but will proceed to an examination of the various simili-
tude laws pertaining to nonequilibrium flows around affinely
related slender bodies.

General Similitude for Affinely Related Bodies

Now consider a family of steady nonequilibrium small dis-
turbance flows related under the following transformation of
variables:

g =2 g =2 7= —=
L y—TL 720,
v — p _ Y4
= — =£ =2 7
=0 P= P - [17]
P A T ) A

T, " RuTo(l + o) " RuT.

where L is an arbitrary reference length. Then introducing
the frozen freestream Mach number

— Um
B [’imRMTm(l"' aw) ]llZ

where Y. = [7T(1 — aw) + 10 a1/ [5(1 — aw) + 6as] is the
frozen specific heat ratio of the freestream, and the parameters

Ap = Tp/T. Ay = Ty/T.

Maa

(18]

Ap = pp/be
Ky = M GTo/a+a ¢y 1/ate W
dy = nose diameter
2Dy (19]
P U (dn/2) (wdn/2)¢
krLT “po?
UM

kLT S0
UM

CDN =

residence time

reaction time

residence time

Ky = — ; ; — =
V'™ yibrational relaxation time

Egs. [1-15] may be written as follows:

0p , _op  _[on 17)

=F Z£ pubs ) ~ 2
d£+vag+p<bg+ey 0 [20]
(2

”(bfﬂ y'>+

_0P/0) [21]
p=7 <1+a> (22]

it

YoM o7)?
14+ oo
§<ah+ﬁa—h>~aj+5@ [23]

oz ' o) oz | 0j

; fa— ae (1 — ey — (1 — aw)ev,
h—<l+am>>\p+ 1+ ao +

T 71+ @) + 10a 7
(yu, — 1>{[7(1 - ) + 10aj = 1} (24]
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da . _da o
5% +7 o7 ~ K1 + o)(1)* X
l:(l — @)\, pexp <— )%)) - ,520!2] [25]
ai—v aev B s _ &)1/3
S + 7 D' ~ Ky(1 — a)(T)? exp (T X
le=>/T — (1 — e=/T)ey] [26]
and
u =~ =02 + [h/Fo(Mor)2 [27]
The shock boundary conditions at 7 = §,(Z) become
_ Ps — dys
e < . > d 18]
~1+ §o (M 7)2( s = ><dys> [29]
Ps ’Ym @ ps dz

- , (P — dg,
o (S w

plus [22] and [24] evaluated at the shock and «, = «., ev,
= eye. At the inner boundary, one has

Up ~ djj/dZ 311

Finally, the blunt-nose matching condition transforms to

e (K
e <——N—> + [ s 2 gtz ~
oM o s o € 1

%ﬂ j;_yB p52(2ng) dj + (q?m - 1) %

| 51 — a) + 6a | _ .
LB{I:E')(]. — a.) + Gam] AT = 1} (@my)dy +

1 3 _ -
1+ . S 13 = e — (1 = ader. e g +
>\D Vs _ o
1T o Jos (P — ax)@mp)dy  [32]

The solution to the foregoing equations is seen to be the
same for all slender bodies of the form yz/7L = f(z/L) when
each of the following parameters is held constant: a., Ap, Av,
Aoy v w, B; Kg, Kv, Ky, and M.r. Furthermore, this
similitude property shows that the nonequilibrium small dis-
turbance flow fields around these affinely related bodies are
correlated in the following way:

}: f(amy e_T;my KD, )\V, )\p,

(I) incoming gas
p;pm properties
Zw/p; W, B, KR) KV}
@ (II) non-
(A = he) /BT o(1 + o) equilibrium
v/Ust, u/Ust? flow

parameters
) Myr, Kn; ¢, 2/L, y/7L) [33]

with a shock surface
Yo/ TL = f(Qay €vay Ap, Avy Np; @, B, Kz, Kv; M.r, Ky;

& z/L) [34]

These relations generalize the similitude laws given by Cheng
to the case of a family of nonequilibrium dissociated and
vibrationally excited diatomic gas flows over blunt-nosed
slender bodies in a nonequilibrium dissociated freestream.
Here, the appropriate real gas similitude parameters have been
divided into two basic groups: (I) the chemical and vibration
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properties of the incoming stream (a., ev.,) and three param-
eters (A,, Ap, Ay) involving the ambient state and physical
properties of the gas; and (II) the additional similitude
parameters required in the presence of a nonequilibrium small
disturbance flow, namely the reaction rate temperature ex-
ponents w and 8 and the: characteristic (low time/relaxation
time) ratios for a dissociation-recombination and vibrational
excitation (Kz, Kv). It should be noted that «. and e, are
independent parameters determined by the particular non-
equilibrium flow history ahead of the body unless the free-
stream is in equilibrium, in which case they become functions
of Ap, Ap, and Ay. Therefore, according to the previous dis-
cussion, testing in dissociated gas streams typical of ad-
vanced hypersonic wind tunnels cannot be expected to dupli-
cate free flight flow conditions under the foregoing similitude
unless the test stream is in equilibrium or is less than ap-
proximately 109, nonequilibrium dissociated.*

With the exception of o, ev., and the reaction rate tem-
perature exponents w and S, it is observed from Eq. [33] that
the physical properties of the gas and the ambient state
variables p., T do not enter the similitude separately but in
various nondimensional combinations with each other. Con-
sequently, the foregoing similitude can conceivably be
achieved in two different ways: 1) by employing different
combinations of p., and T, U, and body scale in con;unctmn
with various types of diatomic gases;? or 2) by using a fixed
type of gas together with a fixed ambient gas state peo, To.
The former approach has the disadvantage of being incapable
of simulating both vibration and dissociation effects simul-
taneously, since the ratios T%/Tp and Ky/Kjz differ con-
siderably from one diatomic gas to another. Hence, one
would be confined to vibrationally excited flows with negligible
dissociation or to flows in which the vibrational energy is
either negligible in comparison to the energy in dissociation or
completely excited (ev = evea = T). Nevertheless, even in
this restricted sense, the use of different diatomic gases may
be useful for simulating certain gross aerothermodynamic
features of hypervelocity flight in ballistic ranges. The
second method, in which each of the physical properties T'p,
Tv, pp, w, and B is fixed, results in the following simplified
similitude law:

P/ Pe
P/ Do

o = fl0tey &7 0y P T i (L/ V)

l();L — he)/BuTo(l + o) Mor, Ky €, x/L, y/7L]  [35]

v/ Uet, w4/ Ust?

where k' = krTo%po?/My? is a constant. With the excep-
tion of the additional parameter L/U.,, the similitude defined
by this Eq. [35] is the same as that obtained by Cheng for
equilibrium flows. Eq. [35] is, of course, implied directly by
the generalized equivalence principle for small disturbance,
nonequilibrium gas flows. Therefore, it is clear that, if a.
and ev_ are understood to represent each of the components in
a multicomponent gas, the similitude [25] applies to an arbi-
trary reacting gas mixture such as air, as well as to a given
diatomic gas. Furthermore, since the type of gas is fixed,
this similitude law governs the energy in electronic excitation,
ionization, and gaseous radiation, as well as the effects of
dissociation and vibration. It may be noted that only two
arbitrary geometrical scaling factors (r and L) appear in the
three basic similitude parameters M .7, Ky, and Kz or Ky;
hence, under the required scaling of the ambient state-gas
property conditions, the simulation of nonequilibrium flows

4In such applications, the value of &y, may usually be neg-
lected.

5 The parameters » and 8 must also be fixed; however, existing
theoretical and experimental evidence indicates that « and B are
indeed approximately the same for a variety of diatomic gases
(13-15).
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over blunt-nosed slender bodies by either of these two
methods abolishes any freedom in choosing the scale of the
working models. However, if the shock layer recombination
rate can be neglected in comparison to the dissociation rate,
a less restrictive nonequilibrium similitude is obtained, as
will be subsequently shown.

In the limiting case of equilibrium flow throughout the
shock layer (Kg, Ky — «), the parameters in Group IT of
Eq. [33] drop out, and one obtains a generalized equilibrium
similitude law for a family of diatomic gases under which the
ambient density and temperature need not be simulated.
Eq. [35], of course, reduces to precisely Cheng’s result (2) for
an arbitrary gas mixture in equilibrium. In the opposite
extreme of completely frozen flow (¢ = a5 = ., ev = v, =
ey, Kz = Ky —0), Egs. [20-32] show that all of the similitude
parameters in Groups I and II can be replaced by the single
parameter ¥.,® and Eq. [33] reduces to the similitude law for
a perfect gas. Of course, all of the similitude requirements in
Eq. [33] or {35] must be met when any portion of the shock
layer flow departs from equilibrium, regardless of the assumed
state of the gas at the shock. A special exception is the case of
an analytical flow model involving & frozen shock layer and
an equilibrium shock envelope (9,10) which is governed by the
equiltbrium flow similitude. However, it should be empha-
sized that the flow field defined by this simplified model does
not in general behave as a perfect gas with specific heat ratio
Yo, this limiting situation is realized only in the presence of a
highly nonequilibrium dissociated freestream when asq =
[a 2998

Special Similitude for Cylinders and Cones

For a blunted wedge or cone, the afterbody is defined by
ys = 72 (7 being the cone or wedge half-angle), whereas I be-
comes an arbitrary scaling factor, since it cannot be used to
generate any new members in a family of affinely related
bodies. In the two limiting extremes of equilibrium or frozen
flow, I may be chosen appropriately to obtain a similitude
law covering the combined effects of nose bluntness and after-
body disturbances (2). As previously pointed out, departures
from nonequilibrium pose further requirements on this simili-
tude which eliminate a free choice of body scale. However, if
M, or Ky drop out of the problem, a nonequilibrium flow
similitude is obtained which is comparable to the similitude
for blunted cones in an equilibrium or frozen flow. There-
fore, the special cases of either blunted cylinders and slabs
or sharp-nosed cones and wedges will be examined.

Consider first blunt-nosed, slender cylindrical bodies at
zero angle of attack. To prevent ambiguity in interpreting r
when dyz/dx = 0, let + = M1 Following Cheng, take
L = M B+a/0+a0,y1/0+9¢y(Ky = 1), thereby obtaining
the following nonequilibrium similitude from [33]:

p/Pe

0/ peo

T/T, _

o = flaw, &, Aoy A Ny Kv/Kay Ky
h—h € Mm(y/x), Mm(3+E)/(1+E)CDN1/(1+E)(dN/x)]

ByTo(1 4+ o) 1/zx

v/ Uer, u/Udnr? [36]

and

Mco(yS/x> = f(amn G_VOO, >\Dy )\Vi >\p1 w, B; KV/KR7 KR; €, EN)

(37]

where Kry = (krT»%00?/Mp2Uo) M B +e/Ata0,, 1/Atag,
may be viewed as the ratio of the lengths characterizing the
effects of nonequilibrium reaction and nose bluntness on the
small disturbance flow. When (yp/2) M. = M (dy/x) < 1,

8 By continuity, the last two terms in Eq. [32] vanish when
@ = 0o MNAEy = Eew.
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one sees that the pressure distributions and shock shapes on
all blunt-nosed cylinders or slabs with the same Kgy will be
correlated by the nondimensional distance Zy when the am-
bient state-gas property conditions are properly scaled.
Obviously, these correlations become independent of the
parameter Kgy in the limits of completely equilibrium
(Kgy — «) or completely frozen flow (Kgy — 0).

Turning to the case of sharp-nosed cones and wedges (Ky
= (), an appropriate nonequilibrium similitude may be ob-
tained by choosing L = M y2Uw/krT="po?such that Kz = 1
(or, in the case of vibrational relaxation only, L = Iy U.2%/
kyT.Pp.). One then arrives at the following rule from
Eqgs. [33] and [34]:

P/Pe
l}l/l); . = f(amz e—Vm’ )\Dy >\Vy >\p:

/T w, B, Kv/Knn; Mur; ¢ Moy/z,
(h = /BT 4 0| BT/ Ue) (36]
v/Usr, u/Uxt? Ir

Mco(ys/x) = f(am: E;’mr)\D: )\V) )\P, w, 6; KV/KR! MWT; Eﬁ) [39]

These relations predict that the nonequilibrium pressure dis-
tributions and shock shapes on a family of affinely related
slender cones or wedges are functions only of the nondimen-
sional “reaction coordinate’ zz (the ratio of the local distance
to a characteristic relaxation length) when M .7 = constant.
Clearly, these distributions become independent of zz near
the tip (zz — 0, frozen flow) and far downstream at suf-
ficiently large Zz (equilibrium flow).

It may be observed that only one arbitrary scaling parame-
ter occurs in the foregoing special similitude laws (i.e., the
nose radius in the variables Kzy, zx for blunted slabs and
cylinders, and the body slope 7 in M 1, zx for sharp cones and
wedges). Consequently, Eqgs. [36-39] are of rather limited
practical interest as a means of correlating experimental data
or numerical solutions obtained under various arbitrary con-
ditions. On the other hand, in a planned experiment or
analysis, the foregoing similitude laws provide a practical
basis for simulating the same nonequilibrium effects between
two or more affinely related bodies such that all the local
pressure distributions, shock shape, etc., are correlated by the
same nondimensional streamwise coordinate.

Negligible Recombination

Gibson (22) and Hall, Eschenroeder, and Marrone (11)
have recently shown that a very useful hypersonic similitude
governs the nonequilibrium dissociated flow in the stagnation
region of geometrically similar blunt bodies when the ambient
density is sufficiently low that the shock layer atom recom-
bination rate (~p.2 may be neglected in comparison to the
corresponding dissociation rate (~p.). Now, under these
flight conditions, the assumption of negligible recombination
also would be applicable to the small disturbance flow fields
on both blunt and sharp-nosed slender bodies. Therefore, it
is of interest to examine the consequences of introducing this
assumption into foregoing nonequilibrium similitude laws.

When the recombination term p?a? in Eq. [25] is neglected,
the general similitude ([33] and [34]) reduces to

P/Pw
0/ pe

T/To = f(@, @7 Aoy Av; @, 8, Kv/Kan,

KR*; ]l[CDTJ KN; €, Z/Ly ?//TL)

o
(h — ho)/BuTo(1 + o) [40]

v/Uqr, u/Ust?

Mmys/x = f(awy é;m7 >\D} >‘V;
w, :8) KV/KR; KR*: MmT, KN: €, x/L) [41]

where

Kr* = MoKz = pokeTlpol/My?Us, [42]
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Fig. 2 Correlation of afterbody pressure distributions on blunt-
nosed cylinders in air (theory of Ref. 10)
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Fig. 3a Nonequilibrium diatomic gas flow over a sharp wedge:
surface pressure correlation (theory of Ref. 12)
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Fig. 3b Nonequilibrium diatomic gas flow over a sharp wedge:
surface temperature correlation (theory of Ref. 12)
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surface atom concentration (theory of Ref. 12)
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‘ CFeEND 102 It is seen that Ap has been absorbed into a new characteristic

NOSE SHAPE__|SymBoL |4 (flow time/relaxation time) parameter Kz*7 Consequently,

HEMISPHERE ingﬂ the nonequilibrium small disturbance flow similitude for
Cpy=0.90) ® Mo=28]]

bodies such as a blunted cone is considerably broadened, since
three independent scaling variables (p., L, 7) are available to
fix the basic similitude parameters M.r, Ky, and Kpzp*.
Eq. [40] is applicable either to a family of diatomic gases
(with T'p/T, = const, w, 8 = const) or to a fixed, arbitrary
gas mixture (with 7, = const) when «., ev_ are understood
as referring to each component. In the latter application, for
example, the similitude for blunted slabs or cylinders simpli-
fies to

P/Pe

p/ peo

T/T, = fltw, &v.,, T, const X

Poln(M 2Cpy) 1/1+e ;

(234
(h = ho) /BuTo(l + o) Mo(y/2), 5] [143]

v/Usr, u/Ut?

Similarly, for sharp-nosed cones and wedges in a fixed gas,
one has

D/Pw

p/ pes

) = flaw, €v,, Tw; Mar; Ma(y/z), const X

' (pw/Mo)]  [44]
ete.

According to Eq. [44], one may scale the local nonequi-
librium flow around all affinely related slender cones or wedges
at different ambient densities or Mach numbers by keeping
Pt/ M - constant.

For nonequilibrium, low density flows around blunt-nosed
slender bodies where the atom recombination rate is negligible
everywhere in the shock layer, the question arises as to the
compatibility between the foregoing small disturbance simil-
itude and the similitude law proposed by Gibson for the flow
in the vicinity of the nose on the same body. Now, according
to the latter law, the appropriately nondimensionized stag-
nation region flow is a universal function of the parameters a.,,
ev,, @, B, Ap/Ms? and Kgy* = (pp/p=)Kry for all geo-
metrically similar nose shapes (Cpy = const). Therefore, a
comparison with Eq. [33] shows that the corresponding small
disturbance flow downstream of the nose is also scaled if M,
and the afterbody slope 7 are fixed. That is, Gibson’s
similitude applies to the entire flow field when the afterbody
shapes are also geometrically similar. However, it does not
scale the downstream flow around affinely related afterbodies
(M7 = const) except in those regions where the gas is com-
pletely frozen in dissociation from the shock envelope.

Some Examples of Nonequilibrium Field
Correlations

Although nonequilibrium flows in the stagnation region of
blunted bodies have been studied in great detail theoretically,
there are comparatively few solutions that lie within the scope
of the hypersonic small disturbance theory. Furthermore,
there is at the present time nothing in the way of experimental
work concerning such flows. Therefore, only two rather
limited examples of the foregoing nonequilibrium similitude
laws can be given here, based upon the numerical results
available in Refs. 10 and 12.

Blunted Cylinders

A detailed analysis of hypersonic, reacting air flow around
blunted cylinders with various nose shapes, altitude, M, and
a perfect ambient gas has been given by Vaglio-Laurin and

7 This is also reflected in the special similitude laws [36-39],
krpo?being replaced by kzpppeo .
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Bloom (10), assuming either equilibrium flow or a chemically
frozen shock layer with an equilibrium shock envelope. A
correlation of the resulting afterbody pressure distributions
according to Eq. [36] is presented in Fig. 2. Since these
solutions were restricted to regions rather close to the nose
(z/dy < 20), the agreement with the predictions of the small
disturbance similitude is understandably poor for most of the
data shown in this Fig. 2. Nevertheless, one can perceive a
tendency for ps/p. to become a universal function of the
similitude coordinate zx in both the equilibrium and frozen
flow models (at a given altitude) for sufficiently large zx(z/dy
> 20). Furthermore, Fig. 2 illustrates reasonably well that
the interaction between nonequilibrium dissociation and
bluntness effects can substantially lower the local pressure at
a given distance downstream of the nose.

Nonequilibrium Flow Over a Sharp Wedge

Capieux and Washington (12) have recently presented a
theoretical analysis of nonequilibrium dissociated, vibra-
tionally frozen diatomic gas flows over a sharp-nosed wedge at
hypersonic speeds, including a dissociated freestream. Their
numerical results pertain to a fairly slender wedge (r ~ 0.4)
and therefore should be governed by the nonequilibrium
similitude law [38]. The attendant correlation of the pres-
sure, temperature, and atom mass fraction distributions on
the wedge surface for Ap and M.7 constant is presented in
Figs. 3a, 3b, and 3c, respectively. The essential features of
the nonequilibrium similitude for diatomic gas flows are
clearly illustrated by these figures. Thus, for sufficiently small
zg (frozen flow at the tip), the gas properties are seen to be
independent of both zz and Ap with pa/p. and Ts/T.
a function of M.r and 7. only. With increasing zz, the
flow relaxes toward equilibrium and exhibits a growing
dependence on the parameters Ap and a.. At sufficiently
large Zz, the flow reaches equilibrium and ceases to be a
function of zz; however, both Ap and a., remain as significant
similitude parameters.

In connection with these theoretical results, one may ob-
serve that the nonequilibrium effects on the pressure and tem-
perature distributions are quite significant even when the
corresponding degrees of dissociation are not large. As pre-
viously mentioned, this is to be expected because of the large
dissociation energies involved. A similar conclusion may be
drawn from the correlation of equilibrium dissociated air
properties for slender wedges presented in Ref. 2. Capieux
and Washington’s work also serves to justify the present
emphasis concerning the importance of the freestream disso-
ciation a. in the similitude of small disturbance flows. In
particular, Fig. 3 shows clearly that the propensity of the
post-shock flow to remain frozen increases significantly with
the atom concentration ahead of the shock.

Concluding Remarks

Aside from the inherent limitations of the hypersonic small
disturbance theory, the practical applications of the foregoing
similitude laws are restricted in two major respects. First, no
consideration has been given to flows involving angle for
attack effects. However, it may be seen by writing yz/7L =
f(xz/L, 6/7) that the nonequilibrium similitude can be extended
to small angles of attack 8 by adding 8/7 to the similitude.
Moreover, for very slender blunted bodies at large angles of
attack, an extension of the present analysis can be made
following the general approaches of Cheng and Sychev.
Second, and perhaps most important, the effects of viscosity
have been omitted from the analysis. Consequently, the
present results are applicable to the inviscid flow outside the
boundary layer only in those body regions and for those flight
regimes wherein the boundary layer-induced pressure field
may be neglected. For sufficiently low local Reynolds num-
bers, the viscous interaction effects will modify the present
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inviscid equilibrium flow similitude by further introducing the
interaction parameter ¥, the ratio of the wall temperature to
T, the viscosity temperature-dependence exponent, and the
Prandtl and Lewis numbers of the gas. If the latter three

‘properties have a significant influence on the boundary

layer-induced pressure, the possibility of using different
diatomic gases discussed previously may be compromised
unless these properties are very nearly the same for all the gases
considered. Moreover, since the boundary layer displace-
ment effect depends on the streamwise rate of change of the
integrated mass flow deficiency across the boundary layer
(which in turn is sensitive to the temperature and composition
profiles), the nonequilibrium history of the flow within and
external to the boundary layer may be significant in deter-
mining the viscous interaction effect in dissociated flows.
For the same reason, the surface recombination rate (catalytic
efficiency) along the body also may enter the problem; this
has been observed in some theoretical calculations of boundary
layer-induced interactions with frozen dissociated flows re-
ported in Ref. 9. Accordingly, an additional similitude
parameter characterizing the Dahmkohler number (diffusion
time/surface reaction time) for atom recombination of the
body surface would ocecur in the inviseid similitude when vis-
cous interaction effects in nonequilibrium dissociated gas
flows are important.
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